Using separation of variables, the wave equation in laterally inhomogeneous media can be spatially separated into two eigenequations corresponding to the direction of extrapolation and the transverse direction. The two equations are connected via eigenvalues, which leads to an eigenvalue problem represented by a second order differential equation. This equation can be solved either approximately or exactly in the Fourier domain. The solutions obtained with different approximations can lead to different methods in seismic exploration seismology.
Introduction
The study of wavefield extrapolation in laterally inhomogeneous media is important because the geological structures are often modeled as laterally inhomogeneous layered structures. The main purpose in exploration seismology is to create a seismic image of the area of interest. Many methods for seismic imaging are built on the concept of wavefield extrapolation. In homogenous media, the wavefield extrapolation problem can be solved analytically. However, in strongly inhomogeneous media, finding the solution is a great challenge. Many standard methods fail in this case. The Kirchhoff approach, the most commonly used method for the problem, relies on high-frequency ray tracing. This is a problem for caustics, shadow zones, and even chaotic rays (Audebert et. al. 1997 ). More accurate ray tracing is computationally more expensive and more difficult to implement. Therefore, it is desirable to find wave-equation methods that can avoid these difficulties. The full wave equation (two-way wave propagation) (Wapnnar, 1987 ) is capable of solving wave solutions for arbitrary complex media. Unfortunately, such approaches are very time consuming. Moreover, the methods lacks control over multiple scattering, resulting in a strong noise background (Jin and Wu., 1998) . Based on the paraxial wave equation, one-way wave propagation methods are very efficient but are limited to a range of propagation angles (Claerbout, 1985) . Methods of wavefield extrapolation implemented in the frequencywavenumber (F-K) domain are very efficient due to the use of fast Fourier transform. However, most of the methods developed are incapable of dealing with strongly laterally inhomogeneous media. Phase shift (Gazdag, 1978) is accurate only if the velocity is constant. Several extensions of the phase shift and split step Fourier methods have been developed for the case of complex structure, e.g. phase shift plus interpolation (PSPI) (Gazdag & Squazzero, 1984) and the extended split step Fourier method ( Kessinger, 1992) . However, inaccuracies associated with the interpolation process may arise. Recently, the nonstationary phase shift method was developed based on pseudo-differential operator theory for improving the efficiency and accuracy of the wavefield extrapolation (Margrave & Ferguson 1999) . Compared with original PSPI, it overcomes the shortcoming of the global nature of reference velocities selection and still keeps many advantages of the PSPI. Based on eigen-expansion techniques, Grimbergen et. al. (1998) developed the modal expansion method for wavefield extrapolation in laterally varied velocity structure. The numerical implementation of the method given by Grimbergen et. al. (1998) to 2D wavefield extrapolation leads to a very similar result as that of nonstationary filters (Margrave & Ferguson 1999) . In this paper, a new derivation based on a generalized eigenfunction transform is presented for wavefield extrapolation in laterally variable velocity media.
Method description
The acoustic wave equation (2D) is often written as the Helmoholz equation
where Ψ denotes the pressure, v is the velocity field that is independent of z coordinate and ω is angular frequency, i.e. 2πf . Using the technique of separation of variables, we seek a special solution for the wavefield in the form
(2) Substituting equation (2) into wave equation (1) 
The contents in the brackets are functions of z and x respectively. Thus, the only way the equation can be satisfied is if each component is equal to a constant. Denoting this separation constant by k m 2 , we obtain the eigenvalue equation
and k is an eigenvalue. The eigenfunctions are orthogonal to each other and form a complete set. Therefore, we can write a more general solution than equation (3) as
m z Ψ is a solution to equation (5) and the analytical form is easily seen to be
for the upward traveling wave. The eigenfunction m x Ψ can be obtained by an eigenvalue decomposition of the operator
where I denotes the identity matrix and
. We represent the summation in equation (6) as an inverse eigenvector transformation and write
Using the boundary condition, ) , ,
at z=0, the final solution to equation (1) can be written as
Constant velocity
When the velocity is constant, the eigenvector decomposition has an analytic solution where
where x F denotes the Fourier transform over variable x. The final solution can be written as
The analytic solution (12) is the phase-shift method (Gazdag, 1978) .
Modal expansion method for v(x)
Following Grimbergen et al. (1998) using the finite difference operator F x D approximation to the second differential operator in equation (8), we can compute the operator L F and the eigenvalues k m through a numerical eigen-decomposition and the solution can be written as
where Λ F is the diagonal matrix containing the eigenvalues k m. This is the modal expansion method (Grimbergen et al., 1998) .
Nonstationary phase shift method for v(x)
Taking the forward Fourier transform to equation (4), we have
where the commutator 
which is the generalized PSPI method (Margrave & Ferguson, 1997 , 1999 .
Full-spectral method
Equation (14) can be further written as a set of equations coupled over k x
where k x 2 is a diagonal matrix with elements of -k 2 x (i) and S 2 is Toeplitz matrix with elements of s n , the Fourier components of
Wavefield extrapolation by Forurier domain eigenfunction decomposition
If velocity is constant, then the matrix S 2 becomes diagonal and each equation can be solved separately, which leads to the phase shift method (Gazdag, 1978) . The off-diagonal elements in the matrix express how the components of Ψ couple with each other in laterally inhomogeneous media. Rewriting equation (16) as
or
which is an eigenvalue equation in the Fourier domain.
be the eigenvalue decomposition of the operator in equation (18).the final solution can be written as
(22) This full spectral method is similar to the modal expansion method but is more accurate because it computes the derivative operator exactly.
Numerical examples
The numerical examples shown in following only compare the full-spectral method and nonstationary phase shift. Figure 1 shows a model composed of two blocks. The velocity of the left block is 1500 m/s and on the right it is 2500 m/s. One point source is located close to the velocity boundary on the left. Using full spectral method, the result after extrapolation with ∆z=200 m is shown in Figure 2a . The reflection from the velocity boundary occurs in the left-lower velocity block following the direct wavefront. The energy of the wavefront in the right high velocity block is weak compared to that in the left because of the transmission coefficient effect. Figure 2b shows the result when the wavefield is extrapolated back to ∆z=0. The original spike pulse is well recovered. When applying nonstationary phase shift, the step length of extrapolation should be chosen based on Fresenel zone. In this case twenty steps of ∆z=10m were taken. The results corresponding to forward and backward extrapolation are shown in Figure 3 , which compare favorably the exact solutions in Figure 2 . However, the computational effort for figure 3 is less than that of figure 2. Figure 4 shows the result with five steps of ∆z=40m, which is obviously different from the true solution.
Conclusions
The methods presented above solve the wavefield extrapolation problem in laterally inhomogeneous media. The algorithms based on the approximations are the localized techniques, which limit the step length of extrapolation. The full-spectral approach provides the exact solution for wavefield extrapolation. It should be expected that it can improve the seismic image when applied to seismic migration. With careful choice of the step length of extrapolation, nonstationary phase shift can provide an excellent approximation to the full-spectral method. Since the cost of computation for nonstationary phase shift is comparable to the phase shift method, which is much cheaper than the full spectral method, nonstationary phase shift is of great practical use. 
